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Abstract—Nonlinear finite element analysis (FEA) has been carried out on cylindrical and spherical pressure vessels having mismatch in 
the circumferential joint, with equal and unequal shell thickness/radius on either side of the joint. HSLA 15CDV6 is used as the vessel 
material, having application in aerospace structures. Stress factors are compared for cylindrical and spherical shell with different mismatch. 
Deformations and elastic stress distribution along meridional distance is presented graphically for different thickness ratio. 

Index Terms—Circumferential joint, Finite element analysis, mismatch, nonlinear analysis, pressure vessel, stress factor 
  
 

——————————      —————————— 

1 INTRODUCTION                                                                     
Pressure vessels are widely used in the space, oil, chemical, 
nuclear power and many other industries. In the fabrication of 
pressure vessels various segments are joined together by 
welds or some other means to form a complete structure. In 
pressure vessels certain regions were exist, where continuity 
of the structure cannot be satisfied by the membrane forces 
alone. Such regions are known as discontinuity regions and 
the associated stress is discontinuity stress. Discontinuities in 
thickness, radius and slope have major role in the manufac-
tured product. This causes additional bending stress in the 
discontinuity region and the stress distribution in the discon-
tinuity region may change. It is desirable to reduce the num-
ber and magnitude of discontinuity to a minimum. In the con-
text of effects of distortion at welded joints, the distortions 
considered are mismatch, weld sinkage (peaking or angular 
mismatch) and out of roundness. To predict the actual struc-
tural behaviour, it is necessary to go for geometric and materi-
al nonlinear analysis. The finite element analysis is done by 
utilizing the commercial software package ANSYS [12]. 

 
     P. T Bizon [1] has examined the elastic stresses in a cylinder 
with mismatch and/or thickness change in the circumferential 
joint. A. Subhananda Rao et al. [2] have discussed on the effect 
of mismatch in the longitudinal joint of maraging steel motor 
cases. T. Aseer Brabin [3] et al. has obtained the elastic stress 
distribution at circumferential joint of cylindrical pressure 
vessel having misalignment using finite element analysis.  R.H. 
Johns and T.W. Orange [4] have provided the theoretical stress distri-
bution of shell type structures having discontinuity. 

 

1.1 Mismatch and Abrupt Thickness Change  
This discontinuity obtained due to non coincidence of middle 
surface of the shell in the circumferential joint is shown in 
Figure (1). N1 and N2 are the membrane stress per unit length 
normal and parallel to the misalignment respectively. The 
primary aspect of the discontinuity is that a moment is intro-
duced in the shell. A typical model of mismatched joint can be 
considered to analyze the effect of mismatch and/or thickness 
change as shown in Figure (2). 
 

 
 

Figure1. Mismatched circumferential joint in cylindrical pressure vessel 

 

 
Figure2. Typical model of mismatched joint 

The expression for additional bending stresses normal to 
mismatch (σ L,b )is given below. 

bL,σ  = mLt ,*3 σδ
     (1) 

Here σ L,m is membrane stress normal to mismatch and δ is 
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the offset of centre lines. Equation (1) and Equation (2) are 
applicable for shells with equal thickness. The expression for 
additional bending stresses parallel to mismatch (σ H,b) is giv-
en as 

bH ,σ  = mHt ,**3 σνδ
                   (2) 

σ H,m is the membrane stress parallel to mismatch, ν is Pois-
son’s ratio. The peak stress normal (σ1) and parallel (σ2) to 
the mismatch can be written as follows. 

 
σ1 =    σ L,b   +  σ L,m                                                      
(3) 
 
σ2 =    σ H,b   +  σ H,m                                                     
(4) 
 
Mismatch can also be occurring in joining shells of different 
thickness. The maximum bending stress at the surface of thin-
ner plate is given by the expression below [3]. 

 

                             (5) 
 

                                                         (6) 
 
The peak stress normal (σ1) and parallel (σ2) to the mismatch 
can be written as Equation (3) and (4).  The stress magnifica-
tion factors normal (K1) and parallel (K2) to mismatch are [3]. 
  

K1   =   = 1 +                                                    (7) 
 
K2   =   = 1 +  = 1 +                               (8) 

 
The nonlinear analysis considers the thickness changes and 
mismatch of the joint. The geometry of the joint can be de-
scribed by the thickness ratio (c) and mismatch factor (m) [8]. 

 
                                                                        (9) 
 

                                                (10) 
 
The sign of m depends on whether (Rb - Ra) is positive or nega-
tive. In the influence coefficient approach, the nonlinear influ-
ence coefficients differ from linear influence coefficient by 
quantities that contain a pressure nonlinearity parameter ρ. 
This parameter is a function of internal pressure (P) as well as 
geometry [8]. 
 

                                       (11) 
1.2 Stress Factors 
In the plot between mismatch factor and stress factor, stress 
factor is used to relate the stress at particular point to an easily 
determined reference stress (here meridional membrane stress, 
σ L,m). KL and KH are the stress factors corresponding to the 
meridional and hoop direction. 

2 Finite Element Analysis 
Non linear finite element analysis has been carried out on cy-
lindrical and spherical pressure vessels having mismatch in 
the circumferential joint as shown in the Figure (3). The mate-
rial used for the vessel is HSLA 15CDV6 having Young’s mod-
ulus (E) 206010 MPa, Poisson’s ratio of 0.3 and Yield strength 
834 MPa. An axi-symmetric model with PLANE 42 element is 
used in the software package ANSYS. The geometric details of 
the vessels used for the comparison of stress magnification 
factors and for elastic stress distribution is given in Table 1, 
applied with internal pressure of 1.034 MPa [3]. The length of 
vessel is taken in such a way that the discontinuity stress di-
minishes and the membrane stress alone exists at the end 
away from the junction. Cylindrical pressure vessel with equal 
shell thickness is analyzed with 658 elements and 760 nodes 
and that of unequal shell thickness is analysed with 285 ele-
ments and 188 nodes. Spherical pressure vessel with unequal 
shell thickness is analyzed with 336 elements and 287 nodes.  

 

 
 

 
 

Figure3. Pressure vessels with mismatch in the circumferential joint       

(a) cylindrical with equal shell thickness (b) cylindrical with unequal shell 
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thickness (c) spherical with equal shell thickness (c) spherical with equal 

shell thickness  

 
Table 1  
Geometric details of pressure vessels having mismatch  

 Ra Rb   δ ρ m 

1 151.40 152.60 2.00 2.00 1.20 0.02 0.60 

0.4 369.73 371.60 2.50 6.25 1.88 0.05 0.40 

 

 
 
 
Figure4. Finite element model of cylindrical vessel with mismatched joint 
equal and unequal thickness 
 

 
 

Figure5. Finite element model of spherical vessel with mismatched joint 
equal and unequal thickness 

3 Results and Discussion 
Stress distributions and deformations along meridional dis-
tance were plotted for different vessel geometry. The plots 
between mismatch factors and stress factor are given for both 
cylindrical and spherical vessels for the value of nonlinearity 
parameter (ρ) is 1 for different thickness ratios.  

3.1 Cylindrical Pressure Vessel 
The stress magnification factors are evaluated for the two dif-
ferent thickness ratios and comparison is done between ana-
lytical and finite element solution is given in Table2. For the 
case of different shell thickness the peak stress and membrane 
stress values in the thin shell portion are considered for the 
comparison. Figure (6) and Figure (7) give the hoop, meridio-
nal and effective stress distributions and axial deformation of 
cylindrical pressure vessel of equal shell thickness along me-
ridional distance. The discontinuity stresses are found to be an 
axi-symmetric distribution on either side of the joint. Similarly 
Figure (8), (9) and (10) shows the stress distribution and de-
formations for thickness ratio 0.4. The high stress levels expe-
riences in the thinner shell region.  
 
Table 2 
Comparison of stress magnification factor for cylindrical pres-
sure vessel 

 

 
 
 

 

Figure 6.   Hoop and meridional stress distribution for cylindrical vessel of 

equal shell thickness (ta/tb = 1) 
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Figure 7.   Effective stress distribution and axial deformation for cylindrical 

vessel of equal shell thickness (ta/tb = 1) 

 

Figure 8.   Hoop and meridional stress distribution for cylindrical vessel of 

unequal shell thickness (ta/tb = 0.4) 

 

Figure 9.   Effective stress distribution for cylindrical vessel of unequal 

shell thickness (ta/tb = 0.4) 

 

Figure 10.  Axial and radial deformation for cylindrical vessel of unequal 

shell thickness (ta/tb = 0.4) 

The stress factors at the junction region of two shells are plot-
ted for the thickness ratio 1 and 0.4 is shown in Figure (11) and 
Figure (12). In the Figure (12) at the point of mismatch factor is 
zero, only the geometry change is considered as a discontinui-
ty (thickness abruptly changes). The variation of mismatch 
factor is taken from -1 to +1.  

 

 

Figure 11. Stress factors at the junction region of two cylindrical shells 

(ta/tb = 1 and ρ=1) 

 

Figure 12. Stress factors at the junction region of two cylindrical shells 

(ta/tb = 0.4 and ρ=1) 

3.2 Spherical Pressure Vessel 
In the finite element model the mismatch in the spherical pres-
sure vessel is provided at 450 angle.  A comparison for the 
stress factors of spherical vessel is done by classical and finite 
element analysis is shown in the Table 3. Figure (13) and (14) 
give the hoop, meridional and effective stress distributions 
and axial deformation of cylindrical pressure vessel of une-
qual shell thickness along meridional distance. The high stress 
levels experiences in the thinner shell region. 
 

 

Figure 13.   Hoop and meridional stress distribution for spherical vessel of 

unequal shell thickness (ta/tb = 0.4) 
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Figure 14.   Effective stress distribution for spherical vessel of unequal 

shell thickness (ta/tb = 0.4) 

 

Figure 15. Stress factors at the junction region of two spherical shells 

(ta/tb = 0.4 and ρ=1) 

3.2.1 Comparison of Stress Factors 
By considering the similarity between the cylinder and sphere 
stress resultant and deformation, leads to the possibility of 
using the results for cylinders with mismatch for sphere. So 
that graph showing the mismatch verses stress factors for cy-
lindrical pressure vessel should be applicable to spherical shell 
geometry. A conversion formula describes the same is given 
below. The stress factors of sphere with mismatch obtained 
from the finite element analysis (Figure 15) is compared with 
the stress factors obtained by the conversion formula. The 
conversion formula is [8],  

 

                                     (12) 
  

                            (13) 

                                                  (14) 

 
For the case of sphere =   =  PR/2, ν = 0.3, conversion 
formulae can be written as 
 

                                     (15) 

                                        (16) 
These formulas are used to calculate stress factors for the 
sphere with ta/tb = 0.4 for varying mismatch and nonlinearity 
factors (ρ). The stress factors for the sphere with nonlinearity 
factor 1 (Much higher values than ρ = 1 is not experienced for 
metal pressure vessels) for various mismatch is compared 
with the finite element solution, are shown in the table below.  
 
Table 3 
Comparison of stress factors for spherical vessel (ta/tb = 0.4, ρ=1) 

 

4 Conclusions 
Nonlinear finite element analysis has been carried out on the 
cylindrical and spherical pressure vessels having mismatch in 
the circumferential joint utilizing the software ANSYS. The 
location of the peak stress value can only be obtained through 
FEA. The stress distribution along the meridional distance of 
spherical pressure vessel is similar to that of the trend in cy-
lindrical pressure vessel. The results obtained from FEA 
shows good agreement with the results obtained from analyti-
cal method. The variation in results from FEA and analytical 
method may due to the consideration of the material and ge-
ometric nonlinearity in FEA.   

5 Scope for Future Work 
Future work can be directed to the distortion at circumferen-
tial or longitudinal welded joints as weld sinkage (angular 
distortion) and out of roundness, through finite element mod-
eling. 
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